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Abst ract
Ba y esian e qu i lib ria a re ch a ra c teriz ed b ym ea n s of cons i s te ncy and one-p erson
r at io na l ity in com bin a ti o n with non-e m pt ines s o r conve r s e cons i s ten cy .M o r eo ver,
st r on g and coali ti o n- p ro o fB a y es i an equ il ibr ia o f ext en ded Ba y es ian ga mes a r e in tro -
du ced and it is seen t hat th ese not i on s c an b e cha r ac teriz ed by m e a n so fc o n sist en cy ,
one- p erson r ationalit y , a ver si o no f P a r et o op tim alit ya n dam o d i￿cation of converse
cons iste ncy .I ti ss h o wn that , in case of th e st r ong Ba y esian eq uilib rium co r resp on-
de nce , co n verse cons iste ncy can b e r e placed by n o n -em p tin ess . A s exam ples w et r eat
Ba y esian p ote ntial gam es a nd B a y es ian con g es tion g am es .
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This re sea rc h w as sup p o rted b y the Dutch O rg an is ation fo r Scie nti￿c Re sea rc h (NW O).1 In t ro duction
In P eleg & T ijs [19 92] axi omatic cha r ac ter i zatio ns a r e gi ven fo rt he Na s h equi li b rium co r -
re sp o nde nce on c l osed famil ies of str at egi c ga m es us in g c on s is t ency , convers e consiste ncy
and one-p ers on r at i ona lit y .A l s o som e re￿ne ment s of the Nash co rr esp ondence a r e cha r -
acte riz e d a nd an i ndicatio n i s g iv e n that some of the res ul t s can b e e xt ended t oB a y esian
ga m es.
In a subs equent pa p er P eleg, P ott ers & T ijs [19 93] s tudy the que stio n under whi ch c o ndi-
tions co nver se c o nsist ency can b e re pl ace db y the non-empt in e ss p r ope r t y .I n t hi s c o nnec -
tion s ee al so No rde, P ot te rs, Reijniers e&V erm eulen [1 99 3].
The purp o s e o f this pa p er is to m ak ea s ys tem ati c s tudy of a xio m at i zatio ns fo rs o lutio ns
of e xt ended Ba y esian games . Ba y e si an g ame sw er ei n t ro duc ed b yH a r sany i [1 96 7], and
exte nded Ba y esian g am es b yE i n y&P el e g [1 99 1]. In se ctio n 2 w e gi ve the ne ces sa ry de f-
ini tions. In sec t i o n3i ti ss ho w n that t h e Sec ti on 4 in t ro duces str o ng and coa liti on-p r oo f
B a y e s i a n e q u i li b r ia an d bot hc o nce pts a r e a xi om at i zed b y consi s tenc y , one-p ers o n rationa l-
it y and m o di￿cati ons o f P a r Ther e is a lso a discus si on on t he d e ￿ni t i o no fs trong Ba y esian
equil ib r i a and i t is sho wn that, i n o rde rt oc h a ract erize str on g Ba y e sia n equil ib ria, co nver se
consis F i nal ly , a mo di ￿cation of the st rong B a y e sia n equi li b rium c o rr esp o nde nce i s gi ven.
Sec ti on 5 exte nds the notio n of p otent ia l g am e of Mondere r & Sh apley [19 92] t oB a y esian
ga m es and c on s id e rs the exi st ence of pure Ba y es i an equil ib ria. Also a cong e stio n situation
in the spirit o f R ose nthal [1 97 3] is consi de red, whi c h gi ves rise to a B a y e si an p otent ia l
g am e.
2 Ext en ded Ba y esian games
In this sec tio n w ef o rmall y desc rib e the class of extende dB a y e si an ga m es. T his gener -
al izedf o rm of o rdina ry Ba y es i an g ame s enabl es u s to de ￿n e reduc ed B a y e si an g am es.
2. 1D e ￿ni t ion (Einy & P e le g [1 991 ])
An ext ende d Bay e sian g ame (EB G ) is a s ys tem



















(i ) N i s the (￿ni t e) se to fplayers,
1(i i) N
+
i s a ￿ni t e set with N
+
￿ N and N
+
n N is the s et of o u tside pl ay er s ,
(i ii ) fo r every i 2 N; A
i
is t he se to faction s of pl a y er i,




is the ￿nite se t o f p ossibl e typ es of pl a y e r i,
(v ) f o r every i 2 N; p
i






whi c hr ep r es ents
the p rior of pl a y e r i,
(v i) fo r ever y i 2 N; u
i







No t et ha t ,i n c a s eN
+
= N ,w e hav e an o rdi na r yB a y e si an ga m e. If N
+
6= N the n, i nt u-
iti vely , one ma y consi de r the outside pl a y er sa st ho s ep l a y er s who ha ve al r eady chosen the ir
st rategies (i n a la rger Ba y esia n ga m e). So an extende dB a y esian ga m e can b e consi de re d
as a r eduction of a n o r di na ry Ba y esia n ga m e.
F rom no w on, i f w em ent io n a n a rbitr a ry Ba y es i an g ame G wi thout fur ther sp e ci￿cati on,

















i . S o m e t i m e s w ew i l l
r e f e r t o N
G
a s t h e p l a y e r s et b elo ngi ng to t he g am e G ,t o av oid c o nfus i on.
Let G b e an EBG, a nd i 2 N .






. B y X
i
w e denote t he set of st rategi e so f







and X := X
N
.
Let ￿ be a s et o f EB G ’s. A sol ution on ￿ i s a function ￿ t ha t a s sig ns to each g ame
G 2 ￿ as ubset ￿(G) of t he space X of str ategy p ro￿l es .
2. 2D e ￿ ni t ion
Let G b e an EBG and S ￿ N; S 6 = ; ;x 2 X .
The r e duc e d Ba y e sia n ga m eo fG with re sp ect t o S and x is g iven b y
G
S;x
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2A cl ass ￿ of EB G ’s is cl ose d if fo r ever y G 2 ￿ an d f o re ve ry S ￿ N; S 6 = ; and
x 2 X i t hold s that G
S;x
2 ￿: It i s e as y to see that the class of all EB G ’s is clo s ed.
No ww e consi de ra ne x ample o f a B a y e sia n ga m e.
2. 3E xam ple



















= fT; Bg ; A
2
= f L; R g; T
1
= f￿; ￿ g; T
2




( ￿; ￿ )=
p
1
( ￿; ￿ )= p
1












( ￿; ￿ )= p
2
( ￿; ￿)=0 :The




T 0 ; 0 1; 2
B 2 ; 1 0; 0
L R
T 1 ; 0 1; 0
B 1 ; 0 1; 0
￿
T 1 ; 0 1; 0
B 0 ; 1 0; 1
T 1 ; 1 3; 2
B 3 ; 4 2; 2
tab le 1.
So if pla y e r 1i s o ft yp e ￿ and pla y e r2 i so ft ype ￿ , they pl a yt he upp er left ga m e.
W e denote a s trat eg y of a pl a y e rb ya p a i ro fa c tio ns. So
X
1
= fTT ; TB ; B T ; B B g ; X
2
= f LL; LR ; R L; R Rg;
wher ef o r example TB i s the str ategy o f pl a y e r 1 in which he pl a ys T i f he is of t yp e ￿ and
B if he i s of t yp e ￿ .
No w this Ba y esian g am ei sa ne x a m pl e of a so- c al le dB a y e sia n p otent i al g ame (fo r the de f-
ini tion w er e fer to s ect i on 5), which m eans that fo re ve ry pai r of t yp e st he c o rr esp o nding
















W e denote the giv e n (p otent i al ) funct io n b y q,s of o r example,
q ((T; R ) ; ( ￿; ￿ )) = 2 ; q ( (B; L ) ; ( ￿; ￿ )) = ￿ 1 :
If just one pl a y e r devi ate s, then the di￿ere nce i n the pa y o￿ fo r that pl a y er i s indi cat ed b y
the di￿ e re nce i n t he p ote nti al func tio n. F o r exa m pl e
u
1
((T ; L); (￿ ; ￿ ))￿u
1
((B ; L); (￿ ; ￿ )) = q ((T; L ) ; ( ￿; ￿ ))￿q ((B; L ) ; ( ￿; ￿ )) = 0 ￿ (￿1) = 1:
W e wi l l e l abo rate on p ote ntia l g ame si ns e c tio n 5.
2. 4R em a rk
In t he de￿ni t i on o f exte nded B a y e si an g ame s, p
i
i sap robabi li t y distr i but io n on T ,f o r




,t he re l ate d


























































, which means that every pl a y e r puts p ositiv e p roba bil it y o n the o c cure nce of e ac h
of his t ype s . In the s equel w e shal l a ss ume t ha t t hi s is i nde ed the case .
2. 5D e ￿ni t ion
Let G b e an EBG and x 2 X .















































4W e denote BE (G ): =f x 2X j x is a BE of Gg.




























. Then, fo re ve ry x 2 X :





















In s ect i o n5w es ho w that each B a y e sia n p ote ntia l game wi t h consist ent p r io rs has a t least
one B a y e si an equil ib rium.
In example 2.3, the str at egy tuple (TB ; R L ) i saB a y es i an equil ib r iu m , but the pla y ers do
not ha ve consist ent p r io r s.
3 Axiom at izat io ns of t h eB a y esian eq uilib riu mc o rresp o nden ce
In t hi s se ctio n w eg i v et w o di ￿ere nt cha ract er i zati ons o f the Ba y es ia n e qui li b r iu m c o rre -
sp ond e nce. The ￿r st o ne i s based o n consi s tenc y a nd conv e rse consiste ncy (cf. P e le g &
Ti js [1 99 2]), the se cond one on consi s tenc y and no n-em ptiness a nd use s i n its p ro of the
ances to rp r ope r t y (cf. P el e g, P ot te rs & Ti js [199 3]).
3. 1D e ￿ni t ion
Let ￿ be a c l ose ds et of EBG ’s and ￿ a sol ution on ￿ .





































i i n ￿ .











￿(G): = f x 2X j fo re ve ry S
￿
6=
N; S 6 = ; : x
S
2 ￿ ( G
S; x
) g ,w e hav e t ha t
￿ s at is ￿es CON S i￿ ￿ ( G ) ￿
~
￿ ( G) fo r ever y G 2 ￿ .
W e w il l sho wt ha t t he B a y e sia n equil ib r i um soluti on satis￿es OPR an d CONS .H o w e ve r,
5OPR an d CON S do no t axi omatize BE .I ns e c tio n 4 w e wil l s ee that the st rong Ba y esian
equil ib r i um sol ut io n ( SB E ) a lso satis￿es OPR and CONS .T o cha ract erize BE w e use the
fol lo wi ng p rop e rt y .
3. 2D e ￿ni t ion
W es a y that a solu t io n ￿ sat i s￿e s c onv erse c onsiste nc y (COCO NS) o n a closed s et ￿ of
EBG’ si f
~
￿ ( G ) ￿ ￿ ( G ) fo r every G 2 ￿ wi th jN j￿ 2 :
F o r a det ai le d discus si on o f consiste ncy and co nver se consist ency w e refe rt o P eleg & Ti js
[19 92 ].
3. 3 Lem ma
Let ￿ be a c l ose ds et of EBG ’s.
Then BE satis￿e s OP R , CON S an d COCON S on ￿ .
Pr o of.
(i) By de ￿ni t i on BE satis￿es OPR.








































































2 BE ( G
S; x
) ,s o BE (G) ￿
~
BE (G ).




) f o ra l lS
￿
6 =
N ; S 6 = ; .









































So x 2 BE ( G ) an d
~
BE (G ) ￿ BE ( G ) . 2
In f ac t, OPR, CON S an d COCON S cha ract er iz e BE, a s the next the o rem sho ws.
3. 4T heo rem
Let ￿ b e a sol ut i o no na c l ose ds et ￿ of EB G ’s .
6Then ￿ sati s ￿es OPR, CON S and CO C ON S i￿ ￿(G)=BE (G ) fo re ve ry G 2 ￿.
Pr o of.
W e g iv e a p r o of of the ’ o nly if ’-pa rt b y ind uc tio n on t he numb er of pl a y e rs.
Supp ose ￿ s at is ￿e s OP R , CONS and COCONS .
￿ Let G b e a o ne p er so n ga m ei n￿ . The n ￿(G)=BE (G ) b y OPR of ￿ and BE .
￿ Let k 2f 2 ; 3 ; 4 ;: : : g b e suc ht ha t ,f o re ve ry G 2 ￿ wi t h les s than k pl a y er s, w e hav e





BE (G ) ￿ BE (G )
(C ON S o f ￿) (in d.h yp .) (COC ON S of BE)
and
BE (G ) ￿
g
B E (G) =
~
￿(G) ￿ ￿(G ).
( CON S of BE) (in d.h yp .) ( COCONS of ￿)
So ￿(G)=BE (G). 2
F o r t he s econd c ha racte riza t io n w ei n t ro duc e, fo r every s et ￿ o f EB G ’s a nd ever y sol ution
￿ on ￿, a dir ect ed graph Gr a ph (￿;￿ ) . The v e rtice s of this graph a r e pai r s (G; x) wh e re










and y = x
N
H
. In this case w ec al l ( G; x) an anc est o r of ( H; y ) .
3. 5D e ￿ni t ion
Let ￿ be a c l ose dc l ass of E BG ’s and ￿ a sol ut io n o n ￿.
The graph Gr a ph (￿;￿ ) satis￿es the an c e stor pr op erty (AP) if f o re ve ry vert ex (H; y ) the re
is a G 2 ￿ such t ha t ￿( G ) 6= ; and (G; x ) is an ance sto ro f( H; y) fo r ever y x 2 ￿(G ).
3. 6D e ￿ni t ion
(i ) ￿ s at is ￿e s no n- em p t iness (NEM) on ￿ if ￿(G ) 6= ; fo r ever y G 2 ￿ .
(i i) ￿ is minimal w .r .t. NEM, OPR and CONS if ￿ satis￿es thes ep r ope r ties and fo r








These de ￿ni t i ons a re due t oP e l eg, P ot ter s & T ijs [19 93 ].
73. 7 Lem ma
F o r ever y cl ose d cla s s ￿ o f EBG’ s and ever ys o lutio n ￿ on ￿ satisfyi ng NEM , OP R and
CONS :
if Gr aph (￿;￿ ) satis￿es AP ,t hen ￿ is m i nimal w.r .t . NEM , OP R an d CON S.
Pr o of. B y str a ightfo rw a rdly exte ndi ng t he p ro of o f Theo re m 1 of P el e g, P ott e r s&T i j s
[ 1 9 9 3 ] . 2
T h i sl e mm a h a s an in t ere sting a ppli c at i o ni fw e tak e ￿ = BE and ￿=￿
B E
( t h ec l ass o f
al l EB G ’s which ha ve at least one BE ). W e already k no w( s ee t he p ro o f of Theo re m3 . 4)
that a sol ut io n
￿
￿ whi c h satis￿e s OPR an d CON S on ￿
BE
is contai ne di n BE.I f
￿
￿ also
satis￿es NEM and if w e can p rov e that G r aph(￿
BE
; BE ) has t he ance sto rp r ope r t y , the n
￿
￿ = B E , s o BE is cha r ac ter i zed on ￿
BE
b y NEM, O PR and CON S.
3. 8T heo rem
Let ￿ b e a sol ut io n on ￿
B E
.




W ep rove the ’ o nly if ’ -pa rt.
By lemm a 3.7, it su￿c es to p r o ve that Gr a ph (￿
BE
; BE ) satis￿es AP.
Let G 2 ￿
BE








s uch t h at
H has exact l y one Ba y esian e qui li b r iu m y wi th t he p rop ert y that y
N
G





De￿ne H : = h N
G














































































): =0 fo r ever y t 2 T nf s g ,
￿ fo re ve ry a 2 A and every i 2 N
G












((a; ￿ ); (t ;t
0










((a; ￿ ); (t ;t
0











((a; ￿); (t ;t
0












((a; ￿); (t ;t
0












((a; ￿ ); (t ;t
0
)) := 0 .
Si nc ep l a y e r 0 has o nly one t ype , w e can i dent if y a s trate gy of p l a y er 0 w ith an act i on.
Cl aim: (x; ￿) is t he uni que BE in H .
P r oof of the cla im:
Let (y; ￿ ) 2 X ￿ A
?
0






















































































































; ￿ )j t
i
) :
So pla y er i c an p r o￿ t a bly de v iate , which sho ws that (y; ￿) 62 BE (H ).





















































No w let (y; ￿ ) 2 X ￿ A
?
0






























































; ￿ ); (t;t
0
) ) = U
?
0
( ( y; ￿) j t
0
) :
S o pla y er 0 can p ro￿tabl y devi ate , whi ch sho ws t ha t (y; ￿ ) 62 BE (H ).
Cl e a rly (x; ￿ ) 2 BE (H ), whi c h ￿nishes t he p r oo f . 2
4 S tron g and coalition p ro o fB a y esian equil ib ria
In this s ect io n w e de￿ne an d cha ract er i ze str on g B a y esian equil ib r i a and coa liti on-p r oo f
9Ba y esia n equi li b ria w hich a r e gener al iz ations of st rong Nash e qui li b r ia ( s ee Aumann [19 59] )
and coa li t i on-p ro o f N ash e qui li b ria (s ee B e rnheim, P eleg & Whinst o n [198 7]) fo r g ame si n
st rategic fo rm .W ea l s od i s cuss t he de￿ni t i ons and p rov ide some m o di￿cati ons.
4. 1D e ￿ni t ion
Let G b e an EBG and x 2 BE (G ).
x is a str ong Bayesian e qu i l ibrium (S BE) i f ther e i s no coal itio n S ￿ N; S 6 = ; , whi c h




suc ht ha t ,f o ra l l


















By SB E (G) w e denote t he set of st rong Ba y esia n equil ib r ia of G .
T h is d e ￿ n it io n i s due to I c hi ishi & Idzi k [ 199 2]. Ichi ishi an d I dzik inv e stiga t eB a y esian
so ci e ties, whi c h a re mo re gener a l than Ba y esian g ame s and al lo w bi nding agree ment s.
Ho w ever , the i r de￿ni t i on, when appl ied t oB a y es ia n g am es, is e sse nt i all y the same as o ur
de￿nitio n 4.1.
W e e x plic it ly d e ￿ne SBE as a re￿ne ment of BE.I n o r de r to get SB E (G) a s a s ubset
of BE (G), i t i s not su￿ cient t o de￿ne SBE(G ) as t he s et o f all s trate gy c om bi natio ns
whi c hc a nnot b e i m p roved up on, as the ne xt e xa m pl e sho ws .
4. 2E xam ple
Let N = f1; 2g;A
1
= f T g ;A
2




= f ￿; ￿ g a nd the pa y o￿ -















The st rategy (T; L L ) is no BE,b e c a use U
2
(T; L L j ￿ ) <U
2
( T; R L j ￿ ) .H o w ever, (T; L L )
cannot b e i m p roved up on: i f t here w o uld b e a n imp r o vem ent it can o nly b e (T; R L ) , but
in t ha t c as e o nly t yp e ￿ o f pla y e r2p ro￿ts , whi le t ype ￿ get s the sam ea m o unt .
Tw o que stio ns m a y b e raised wi t hr esp ec t to the va li dit y of the de￿nitio n of SBE.
10(i) Let x 2 X a nd let y
S
b e an imp rov e ment of a coal itio n S up on x . Can S c h oos et o
pla y y
S
wi t ho ut c ha nging the b e l iefs of i t sm e mb er s? W oul d t he b e l iefs c ha nge t hen the
pa y o￿ s t o the t yp es of t he pl a y e rs in S w o uld also c ha nge. Ther efo r e, some m emb er so f S




) t o x afte r y
S
is chosen.
The answ er i s simple. B e cau s e all the mem be rs o f S k no w x an d y
S
a nd a ll the t ype s of




) t o x , S can cho ose to pl a y y
S
without a change in the
b el iefs .I n o rder to b e complet el y p r ecise w es uppl y t he fol lo w ing s i mple mo del fo rc ho ice

































































f o r a l l j 2S
U
i
( x j t
i
) o t h erwise:
W e shall s a yt hat y
S
is c hosen by S if e ac h i 2 S pla ys in G
?
the s tr at egy y
?
i






) : = y
S




. A s the r eader m a ye as i ly ver if y y
?
S
is d om in a nt in G
?
and the
p o s ter i o rp roba bil it y att ributed b y a pla y er i 2 S to a n n-tuple t of t yp es do e s no t chang e
when y
S
is chose nb yS (i n t h (ii ) The se co nd ques t i o ni sm o re s ubtle.
Whe nw i l l S i nde ed cho o s e y
S
ov e r x
S
? T he o bvio us a ns w er i s that y
S
w ill b e c ho s en b y S
b ecause it is an imp rov e ment up on x.H o w ever ,w es ha ll s how, b ym eans o f t w o exampl e s,
that t hi s i s t rue only if the pla y er sa re sho rt -si ghte d. Thi s kind of cr it ic is mo ft h eSBE
is not di r ect ly s tem ming from the incomplete info rmation environment , it a ppli es al r eady
to SNE fo rg a m es wi t h com pl et e i nfo r matio n. Indeed, o ur t w o examples a re ga m es wi t h
complet e i nfo r matio n.
4. 3E x a m ple
W e consi de r the foll o wi ng (numer ic al ) ve rsion of the p r is on e r’ s di lemm a.
L R
T 2 ; 2 0 ; 3
B 3 ; 0 1 ; 1
tab le 4.
Thi s game has no str on g N as he qui li b rium. The uniqu e Na sh e qui li b ri um (B; R ) can b e
imp r o ved up on b y (T; L ) .H o w ever , (T; L ) is not a n NE a nd ther efo re it c a nnot b e impl e -
me nted. In this sense the re jec ti on o f (B; R ) in favo ro f ( T; L ) is sho r t-sig ht ed.
The r ea de rm i ght t hi nk t hat pl a y ers w ho w ant t o implem ent imp rov e ment st ha t a re also
NE ’ s, a re not sho rt -si ghte d. The fo llo w ing example sho ws that this i s not nece ssa r il y t r ue.
114. 4E xam ple
Co ns id e r the fol lo wi ng 3 -p ers o n ga m ew i t hc om pl et e i nfo r matio n.
L R
T 0; 0 ; 0 0; 0; 0
B 0; 0 ; 0 0; 0; 0
L R
T 2; 2 ; ￿ 1 ￿1; ￿1; ￿1






Her e x =( T; L ; M
1
) is n ot an SNE b ecause y =( B ; R; M
2
) i s an imp r o vem ent .N o w y is
a st rict NE whi ch i s P a r eto optimal . Ho w ever ,f r o m the p o int o f v iew of pla y er 3, pla y ing
y is s ho rt -s i ghted b ehav io ur . Indee d, if pla y er s1 a n d2 k no w that 3 wil l pla y M
2
, the nt hey
wi ll pla y (T; L ) .
The ba s i c ass umptio n under l ying the de ￿ni t i ons i s t he fo ll o wing .
During t h e inte rim pha s eo fa B a y es i an g ame (i.e . when the pla y er s kno wt heir t ype s b u t
hav e not y e ti m pl em ent ed t hei r s trate g ies )t r an s missio n o f i nf or matio n b et w een the pl a y e rs
is no t al lo w ed.
Thus, i n our m o del the pla y ers ma yc o m municate in o rder to co o r di nate t he choi c eo f
s t r a t e g ies, but t hey a re not al lo w ed to re ve a l any pa rt of p r i vate i nfo r matio n t o each othe r.
Under thes ec o nditio ns SB E ’ sm a yb et he onl y s tabl e p oi nt so fGif t he pla y ers a re su￿ -
cient l y sho rt -s i ghted. A s disc usse d , the ab ove a s sumpt i on do es not elimi nate sho rt -s i ghte d
b ehav io ur .
The fo r ego ing ass umption i s common in a ppli c at i ons of BG’ st oe c o nomics . T r an s mi s -
s i o no fi n f o rmation o r sig nal ing is usuall y do ne b y the actual use of str at egi e s( o r lo cal
st rategies in e xt ensiv e fo rm ga m es) .
As a n il lustr ati on w e consider t he fo ll o wing simple ga m e.
4. 5E xam ple




= f T; B g ;A
2
= f L; Rg ;T
1
= f ￿ g ;T
2
= f ￿; ￿ g ;p
1
( ￿; ￿ )=
0 : 1 ;p
1
( ￿; ￿ )= 0 : 9 ;p
2
( ￿; ￿ )=p
2









T ￿1 ; 2 ￿ 1 ; 3
B 1 ; ￿ 1 1; 1
L R
T 2; 5 2; ￿5
B ￿1; ￿ 1 ￿ 1 ; ￿ 1
tab le 6.
Let x =( B; L R ) . Then y =( T; R L ) is a n im p r o vem ent up o n x b y N . Ho w e ve r, i f
pla y e r2i so ft ype ￿ a nd his t y p e is someho wr e ve a led to pl a y e r 1 (b ef o re y is impl e -
me nted), the n y is n o lo nger an i m p rovem ent up on x fo r N .B y t he fo r eg oing ass umption
pla y er 2 is not a ll o w ed to t ell his t yp e to pla y er 1 a nd vice ve rsa. B y t he fo r ego ing di sc ussion
y can b e i m p lem ente d without re ve l atio n of i nfo r matio n.
4. 6 De ￿ni t ion
A sol ut i on ￿ o nas e t￿o f EBG’ s satis￿es we ak Par e to-optimalit y (W PO ) if, fo ra l lG 2 ￿ ,
n o s t r a t e g y combina t io n in ￿ ( G ) c an be im p r
T he next l e mm a sho ws t ha t SBE s at i s￿e s OP R , WPO a nd (on c l osed s ets ) CONS .
4. 7 Lem ma
Let ￿ be a c l ose ds et of EBG ’s.
Then SB E satis￿es OPR , W PO and CONS on ￿.
Pr o of.











i b e a one-p e rson ga m ei n￿ .T op rov e OP R it s uf-
￿ce st o s ho wt ha t SBE (G )= BE ( G ) , b ecause BE sati s ￿es OPR.
Let x
i


























2 S BE (G ).
(ii ) L e t G 2 ￿;x 2 SBE (G ). Th e ni np a r ticul a r , the c o al itio n N has no imp r o vem ent
u pon x . Thi s m eans that SB E satis￿es W PO .
(ii i) Let G 2 ￿;x 2 SBE (G) an d S ￿ N; S 6 = ; .W ep rov e t hat x
S
2 SB E ( G
S;x
).
W e kno w that x
S
2 BE ( G
S; x
) be c au s e x 2 BE (G ) and BE satis￿es CONS .









al so an imp rov e ment up on x in G, which contradicts t he fact that x 2 SB E (G). Hence
the re is no coal itio n whi c h has an imp rov e ment up on x.S o SB E satis￿es CONS . 2
13Si nc e, i n gene ral , t he se ts of Ba y esian equi li b ria and st rong Ba y es i an equil ib r i a do no t
coi nc id e ,w e kno wt ha t SB E wil l not s at is fy CO C ON S .H o w ever, w e can fo rm ul ate a
w e ak er ver sio n of c o nver se consist ency that i s s at i s￿e db ySBE .
4. 8D e ￿ni t ion
Let ￿ b e a sol ut i o no na c l ose ds et of EBG ’s.
Then ￿ sati s ￿es COCON S-S if f o r every G 2 ￿ w ith jN j￿ 2 and e ve ry x 2 X :
if x 2
~
￿ ( G) and x can not b e i m p r o ved up o n b y N , then x 2 ￿ (G ):
Recal l that
~
￿(G) = fx 2 X j fo r ever y S
￿
6=





4. 9 Lem ma
Let ￿ be a c l ose ds et of EBG ’s.
Then SB E satis￿es C O CONS -S on ￿ .
Pr o of.
Let G 2 ￿, jN j ￿ 2 an d x 2
g
S BE ( G ) s u c h t h at x canno t b e i m p roved up on b y N .T h e n
i n p a r t i c u l a r x 2
g




N is a coa liti on whi ch has a n imp r o vem ent y
S
upo n x . Then y
S
i sa l s oa n




, whi c hc o n t radi c ts t he fact t ha t x 2
g
SB E ( G ) .B e cause x
cannot b e imp rov e db yN either , the re 2
4. 10 T heo rem
Let ￿ be a c l ose ds et of EBG ’s.
There i sa u n ique sol ut io n on ￿ t ha t s at is ￿e s OP R , WPO , CO NS an d COCO NS- S , and
it i s SBE .
Pr o of.
F rom t he p r evi ous lem mas w e kno wt ha t SB E s at i s￿e s OPR , WPO , CO NS and COCO NS-
S.N o wl e t ￿b e a sol ut io n o n ￿ t ha t sat i s￿e st he fo regoi ng four ax io m s. W ep rove b y
ind uc tio n on t he numb er of pl a y e rs that ￿(G)=SBE (G ) fo r ever y G 2 ￿ .
￿ If G i sao n e -p er son g ame , then b y OPR, ￿(G)=SBE ( G ).
￿ No wa s sume k 2f 2 ; 3 ;: : g and that ￿(G)=SB E ( G ) fo r ever y G 2 ￿ with less
than k pla y er s. L e t G 2 ￿ be a k -p e rson g ame and l et x 2 ￿(G).B y CO NS of ￿ ,
14x 2
~
￿(G) and b y i nduc tio n, x 2
g
SB E ( G) .H e nce, b y WPO of ￿ and COCON S-
S of SB E, x 2 SB E ( G ) . Thus ￿( G ) ￿ SB E (G). Simil a r ly ,w ec an p rov e t ha t
SB E (G) ￿ ￿ (G ).
2
No w w e p r o vi de a cha r acte riz ation of SB E using non-empt in e ss in t he spirit of the an-
ce sto rp rop ert y of de￿nitio n 3.5. L e t ￿
SBE
denote t he set o f EBG’ s w hich hav e a t least
one S BE.
4. 11 T heo rem
Let ￿ b e a sol ut io n on ￿
SB E
.
Then ￿ sati s ￿es NEM , OPR , CONS and W PO i￿ ￿ = SBE .
Pr o of.
W e kno w that a solu t i on whi c h sati s ￿es OPR , CON S and WPO ,i sa r e￿nem ent o f SBE
(se et he p r o o fo ft h e o rem 4.10 ). W ea re l e ft t op rove that G r aph(￿
SBE
; SBE ) ha s the
ances to rp r ope r t y .
I f G 2 ￿
SB E
a n d x 2 SB E ( G) ,w e can consi de r the same H as in the p r o of of theo r em
3.8. It imm edia t el y fol lo ws t ha t the uniqu e B a y e si an equil ib rium (x; ￿ ) i s a lso a SB E . 2
No ww e shal l de ￿ne coa li t i on-p r oof B a y esia n e qu ili b r ia .
4. 12 De ￿nition
Let G b e an EBG.
(i ) Let x 2 BE (G ) and S ￿ N; S 6 = ; .
W e de￿nea n i nte r na ll y c onsiste nt impr oveme nt (I CI) o fSu p o nxi nG b y induction
on j S j.




is an ICI of S up on x if it is an i m p r o vem ent (see
de￿niti on 4 . 1) .




is an ICI of S up on x if y
S
is an im p roveme nt up on
x an d n o c o ali tion T
￿
6=





(i i) Let x 2 BE (G).
x is a c o al ition-pr o of Bayesian e qu i l ibrium (C PB E) if no coa li t io n h as a n ICI
u pon x .
15F o r 2 -p er so n ga m es w e have the foll o wi ng cha ract er i zati on.
4. 13 Le mm a
Let G b e a 2-p e rson EB G .
Then, fo r ever y x 2 X : x 2 CPBE ( G ) i￿ x 2 BE ( G ) and t he g r a nd coa li t io n N ha s n o
imp r o vem ent y up on x , such that y 2 BE (G).
Pr o of.
Let x 2 CPB E (G).B y d e ￿ni tion x 2 BE ( G ).T h e refo r e f1 g and f 2 g hav e no imp rov e -
me nts up on x. Supp ose N has an imp r ov e ment y 2 BE (G ) up on x.T h F o r the co nver se
case ,i ts u￿ce st on o t e that i f N ha s an ICI y u pon x , then y 2 BE (G). 2
Using t he fol lo wi ng mo di ￿ed fo rm so fP a r eto optimal it y and convers e consist ency ,w ea re
abl e t op r o vide a n ax io m ati c c ha ract eriza t io n f o r the c o al itio n-p r oo f B a y e si
4. 14 De ￿nition
Let ￿ b e a sol ut i o no na c l ose ds et ￿ of EB G ’s .
(i ) ￿ s at is ￿e s r e lativ e Par e to-optimal i ty ( R PO ) if fo r ever y G 2 ￿ :
if x 2 ￿(G) t hen ther ei sn oy2
~
￿ ( G )whi ch is a n imp r o vem ent of N u pon x .
( i i ) ￿ satis￿es COCONS -CP if f o r ever y G 2 ￿:
if x 2
~
￿ (G ) and t here i s no y 2
~
￿(G ) whi c hi sa n i m p roveme nt o f N up on x, the n
x 2 ￿ (G ).
It is no t di ￿ cult t op rove t ha t CPBE satis￿es OPR , R PO an d CO NS.I nt he ne x t lemm a
w ep rov e t ha t CPB E al so satis￿es COCONS -CP.
4. 15 Le mm a
Let ￿ b ea c l ose ds et of EBG ’s.
Then CPBE s at i s￿e s CO C O NS- CP on ￿.
Pr o of.
Let G 2 ￿ and x 2 X .
Supp ose x 2
g
CPBE (G ) and supp ose x 62 CPB E (G). W e sho wt ha t t here is a n y 2
g
CPBE (G ) whi c hi s a ni m p rov e ment o f N up on x .
Cho ose a coal itio n S ￿ N whi ch has an ICI y
S
upo n x . Then y
S






16If S 6= N t hen w e ha ve a contr ad ict io n be c au s e x 2
g
CPBE (G ),s o S =N . Clea rly y = y
N
is an i m p roveme nt up on x ,m o reover y 2
g








N .F o r, if T
￿
6=






t hen z IC I of T upo nyinG;w h i chco ntr adic tsthe fa cttha t
F o rt he p ro o f o f the fol lo w ing the o rem w er e fer to t he a nal ogue in P e le g&T i j s [19 92]
fo rc o al itio n-p r o of N ash equil ib r ia .
4 . 1 6 T h e o rem
Let ￿ be a c l ose ds et of EBG ’s.
Then ther e i s a uni que s o lutio n on ￿ that sati s ￿es OPR , RPO, CONS and C O CONS -CP,
and it is the CPBE.
W ec o n c l ude t hi s se ction with a mo di￿catio n of t he de￿ni t i o no fs t rong Ba y esia n equi-
li b r i um .
4. 17 De ￿nition
Let G b e an EBG and x 2 X .
x is a strictl y s tr ong Bayesian e q uilib r ium (S SBE) if t here i s no c o ali tion S ￿ N; S 6 = ;





















) an d t her e is a least one i 2 S s uch that














( x j t
i
) .
In t he de￿ni t io n of SS BE w e l o ok at a coal iti on i n whi c ha t l e as t o ne pla y er ga ins in
ev ery typ e . One can al s oi m a gine a c on c ept i n wh ich every pl a y er in a c ert ai n c o al ition
ga ins i na tl e a st one ty p e. It w il l n ot be d i￿ c ul t to c ha ract erize t hi s concept b y OP R ,
C O NS and s li gh t l y mo di￿ed v e rsions o f P a r et oo p t im a lit y a nd convers e consiste ncy .
Fina lly w ew ant to ment i on that some of t he the or em so fs e ction 3 a nd 4 can b e s tre ng ht -
ene db yr e pl acing ’c l osedne ss’ b y’ ￿ -c l osedne ss’ , wher e ￿ i s the s o lutio n i n ques tio n. W e
cal l a se t ￿ of EB G ’s ￿-cl ose d if, fo r
5B a y es ia n p o te n t ial ga m es
In t hi s s ect io n w ei n t r odu c ea s pe ci ￿c c l ose dc l ass of EB G ’s name l y the cla s so fB a y es ia n p o -
17te ntia l games .B a y es i an p otent ia l g am es a r e g ene ral iza t i ons of (s trat eg ic) p o t ential g ame s,
intro duced b y Mondere r & Shapl e y [19 91 ]. I t t urns out that, under a sp e cia l c o nditio n on
the p rio rs, each B a y e si an p ote ntia l g ame has a pur eB a y esia n equil ib r iu m .
5. 1D e ￿ni t ion
Let G b e an EBG.
G is a Bayesian p oten tial game (B PG ) if t her e exi s ts a func ti on q : A ￿ T ! I R suc h




an d t 2 T
u
i










) ;t ) :
Such a func tio n q is cal led a p ote ntial fo r G.
One can easil y v e ri f y that t he cl ass of BP G ’s is closed. Mo re p r ecise ly :














i2 N n S
; a
S




; t 2 T)
i s a p o t e n t i a lf o rG
S;x
.
Mo reover, i f G i s a BPG wi th p o t entia l q t hen, in o r der to de ter mine t he set of Ba y esian
equil ib r i a of G ,w e can replace each pl a y er’ s util it y funct io n b y q.
5 . 2D e ￿ni t ion
Let G b e an EBG.
(i ) W es a y that G has c onsiste nt pr iors if each pl a y er ha s t he same p ri o r p on T .














( i i) W e de￿ne the ex ante game
^
G a st h est rate g ic game h X
1




; :: :; ^ u
n
i wher e,f o r
ever y i 2 N; X
i
i s the se t of pure st rate g ies of pl a y e r i, a nd fo r every x 2 X; i 2 N :
^ u
i














No t e that the e x ante ga m e
^
G i sap o t e nti al game if G is a Ba y es i an p otent ia l g am ew i t h
consiste nt p r io r s.
W em ent io n t he f ol lo wing i m po r tant relati on b e t w een a n EB G and the co r res p ondi ng ex
ante ga m e. F or the p r oo f w er e fer t oH a rsanyi [19 67 ], pa r t I I, t heo re mI .
185. 3T heo rem
Let G b e an EBG with consi s tent p rio rs .
Then, fo r every x 2 X , x is a Ba y es i an equil ib rium of G if a nd onl y i f x is a Nash equil ib-
rium of the ex a nt eg a m e
^
G .
5. 4C o rol la ry
Let G b e a B PG wi t h consi s tent p r io r s, suc h that e ve ry t yp e has p o s it iv e p roba bil it y .T h e n
BE (G ) 6= ;.
Pr o of.
If G i saB P G ,t hen
^
G is a p ote ntia l g ame ,s o
^
G ha s an NE (see M onder er & Shapley
[19 91 ], c o rol la ry 2 . 3 ). Henc e G has a BE. 2
5. 5E xam ple
(A co nges tio n situatio n : cf. Ro s enthal [19 73 ], M onder er & Sha pley [1 99 3].)






















￿g ur e1 .
Thi s ne t w or k gi ves r is e t o a 2- pe r s on B a y esia n p o t ent ia l g am ew i t hc o nsist ent p r io r s.
Supp ose pl a y e r 2 l ives in A a nd has t og o t o C ,e i t her di r ect l y using r oa d A C o r vi a the
det ou r AB C . S upp ose pla y er 1 l iv e si nC and has t og ow i t hp r o babi li t y
1
2
t o A (us i ng the
road CA o r CBA ) and wi t hp roba bil it y
1
2
t o B (using CB o r CA B).
These p r o babi li t ie sa r ec om mon kno wledg e to b oth pla y ers . Supp o s et ha t if on e pla y er uses
ar oa d AC; B C o r AB he h as t op a y 2 units and i f t w o pla y er s use t he same r o ad, the n
bot ho ft hem have to pa y 8 uni t s. Supp o s e furt her t ha t the r ew a r df o r pla y er 2 g oing to C
is 2 00 and that the r ew a rd fo r pla y er 1 i s 100 (o r 50 ) if he g o e st oA(o r B ). Thi s situation
co r res p onds to the fol lo wi ng B a y e si an p ote ntia l g ame :
N = f1; 2 g;A
1
= f C A ; C B A ; CB; CA B g ;A
2
= f AC; AB C g;T
1
= f A ;B g ;T
2
= f C g ,











and a p o t ential a re gi ven in t a ble 7.
So e .g. u
1
((CBA ;A B C ) ;( A ;C )) = 8 4; u
2
( (CB A ;A BC ) ; ( A; C ) )=1 8 4 w hich w e
obtai n as fo llo ws .P l a y e r 1 and 2 obtai n a re w a rd of 1 00 and 2 00, r esp ec tiv e ly , but b o t h
hav e c os ts 16 b ecause b oth use the r o ads CB an d BA .
The Ba y es ia n g am e in table 7 gi ves rise to a 1 6￿2- ex ante bi m at rix g ame . In table 8 w e
onl y giv e t he releva nt 4￿2-bi m at rix , leav ing out 1 2 d om i nated ro ws , and a lso a ’knott ed’
4￿2- pot ent ia l g am e.
No t et ha t t he unique pur e Nash equi li b rium (( CB A ;C B ) ;A C ) co rr esp ond s t ot he fo l-
lowing b ehav iour i n the ne t w o rk:
pla y er 2g o e s str ai ght to hi s go al C using AC a nd pla y e r1g o e ss t rai ght to hi s goa l B ,
using CB, i fh e i so ft yp e B ;o t herwise pla y er 1 go e st oA making t he det ou r CB A .







(A )=CBA ; x
1
( B )=CB an d x
2
( C )= AC .
F o r a syst em at ic s tudy of cong e stio n situations w er e fer t o Ti js [199 4].
t ype C t ype C
t yp e A
AC A BC
CA 92 ; 19 2 98 ; 19 6
CB A 96 ; 19 8 84 ; 18 4
CB ￿ 2 ; 198 ￿8; 19 0
C A B ￿1 0; 19 2 ￿10; 19 0
AC AB C
CA 29 0 29 4
CBA 29 4 28 0
CB 19 6 18 8
C AB 1 88 18 6
t yp e B
AC A BC
CA ￿ 8 ; 192 ￿2; 19 6
CB A ￿ 4 ; 198 ￿ 16 ; 18 4
CB 48 ; 19 8 42 ; 190
CA B 40 ; 19 2 40 ; 190
AC AB C
CA 19 0 19 4
CBA 19 4 18 0
CB 24 6 23 8
CA B 23 8 23 6
t he Ba y esia n ga m e a pot entia l
tab le 7.
20A C AB C
(CA ; CB) 70 ; 19 5 70 ; 19 3
( CA ;C A B ) 66 ; 19 2 69 ; 19 3
( CBA ;C B ) 72 ; 19 8
?
63 ; 18 7
( CBA ;C A B ) 68 ; 19 5 62 ; 18 7
A C AB C
(CA ; CB) 268 26 6
( CA ; CA B ) 264 26 5
( CB A ; C B ) 27 0
?
25 9
( CBA ; C A B) 266 25 8
t h e ’ k n o t t ed’ ex a nt eg a m e a’ k no t ted’ p otent ia l
tab le 8.
The foll o wi ng e x ample sho ws t ha t the ex ante g am e of a BPG which do es no t ha ve consi s -
te nt p rior s ne ed not t o be a pot ent i al game. This sho ws that one c a nnot fol lo w the same
li ne of reasoni ng a s in C o r ol la r y 5.4 to p rov e t ha t B PG ’s with i nconsist ent p r io r sh a v ea BE.
5. 6E xam ple












;u i b e the BPG de ￿n e db y A
1





:= f￿; ￿ g;T
2




a nd a p ote nti al q gi ven b y the





































The co rr es p ondi ng ex ante game is g iven b y




































0 ; 0 0 ; 1
tab le 10.
Thi s game is no t a p ote ntia l game, b e cause w e have the fol lo wi ng c yc le o f im p r o vem ents :
(TT ; L L ) ! ( TT ; R R ) ! ( BB ; R R ) ! ( BB; L L ) ! ( TT ; L L ) :
S o i f q w o u l d b e a pot ential fo r this ga m e, w ew o uld h ave that
q (TT ; L L ) <q ( TT ; R R ) <q ( BB ; R R ) <q ( BB ; L L ) <q ( TT ; L L )
w h ic hi s ac on t radi c ti on.
No t et ha t the BPG in e x ample 5.6 do es have a BE,f o re xa m pl e (TB ; L L ) . T he fol lo w ing
example sho ws that a 3- p er son BPG with i nc on s is t ent p rio rs nee d not have B a y e sia n equi-
li b r ia .
5. 7E xam ple
Let N = f 1 ; 2; 3g;A
1
= f T; Bg ;A
2
= f L; R g;A
3





f ￿ g ; T
3
= f ￿; ￿ g. A lso p
1
(￿; ￿ ;￿ )=p
2
( ￿ ;￿ ;￿ )=1 ; p
1
( ￿; ￿ ;￿ )=p
2
( ￿; ￿ ;￿ )=
0 ;p
3
( ￿; ￿ ;￿ )=p
3













One can easil y v e ri f y that t hi s ga m e h as no Ba y esia n equil ib r i a i n pure s trate g ies .
W e do not k now w he ther 2-p erso n BPG’ s with inconsiste nt p rio rs a lw a ys hav e Ba y esian
22equil ib r ia . W e found the fol lo wi ng pa r tia l sol ut i on.
5. 8T heo rem
Every 2 -pla y er BPG wi t hc om pl et e i nfo r matio n on one side a nd suc ht ha t e ve ry t yp e ha s
pos i tive p robabi li t y , has a pure BE.
Pr o of.
Let G b e a 2- pla y er BPG with T
1
= f￿ g. So pla y er 2 ha s complet e info rm at i on. W ep r ov e
that pl a y er 2’s p rio r p
2
can b e re pl ace db yp
1
,w i t ho ut chang ing the set o f BE ’s. T he n
the p rio rs a r e consi s tent ,s ow e kno wb yc o rol la ry 5 . 4t ha t BE (G ) 6= ;.
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( s ;t )
u
2
( a ;( ￿ ;t ) ) = u
2
( a ;( ￿ ; t ) ) :
S o U
2
d o e s n o t d e p e n do np
2
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